
Lecture 3:
-

Lasttime : Two andlytical methods

1. Integrating factor method for
first order

differential egt

2. Integrating factor method for
second order

differential egt



Anotheruseful technique : Separation of variables

Consider a heat equation (on a unit circle) :

Ut = Uxx
,

X ( [0
,
2π]

,
t % 0

subject to : u10 ,
+) = u(25

,
t) (periodic condition)

E u(X
,
0) = Sinx (initial condition (

Strategy: Let u(X,
+) = X (x) TCA).

Mt = uxx = X(T'() = X"(x)T(t)

Il

i
. * = E = x -

some constant

↓ Y Two ordinary differential egts

X" = xX T = XT ( with single variable (



In particular, T = XT for some constant X.

=> (nT) = x => (nT = xt + C = T = Cent

for some constant C and X.

For X
,
Since MIX , 0) = sinx .

We may guess X(x)
= Sin x

Note that X" = (1) sinx = ( )X
.

i X = -1.

Hence a possible solution is of the form :

u(x, t) = Ce-tsinX

! u(X
, 0) = sinx = Csinx => C = 1

.

i
. M(X

, 7)
= etsinx is a solution .

(multi-variable)

&Remark : Separate u(X ,
t) = X 1 Tyt > PDE converted to 2 ODEs

single variable
function (single



Sectralmethod

We'll discuss : (1) Analytic (Fourier) Spectral method

(2) Numerical Spectral method

Consider : Analytic (Fourier) Spectral method first !

"

Consider general differential egt :

Lu(x) = g(x) for some differential operator L

(e . g .
L= or = e



Example: Consider = SinX + 2 cosX where

y10) = y(2π) (periodic) . Find a possible solution of the

2nd order ODE.

Note that :L= in our case.

-

Solution:

Consider : Pn(x) = Sinux and Uni= cosnX
N ↓

Note that : LPn(X) = [dePRLX) + [BkYk(x)k=0

k= 1

( Linear combination of P,('s and Yk(X)'s
d'sin uX

L(Sinnx) =
a

+ SinnX
dX

=
-usinux + u cosux (linear combination

of 30n(x)3and [Ynx



Let y(x) = do+ancosnx + businnx)

Then c = sinx cosx implies

funcos nx-bun Sinn(+ - nausienx + nbncony ofA

= Sin X + 2Cos X

I-

> nbn-nan) cosux- (nan + n bu) sinux = Sinx + 2c0sX

Comparing coefficient
: b 1

- a 1
= 2

=>
bi = 2. Algebra

a, + bi =" ai =
-3/2 ( (

Ak = bk = o otherwise
3 IA possible solution is =

y(x) =

--CosX +=
sin X



SSpectralmethoensider
: (u(x) = g(x) such that

u and g are periodic functions (i .
e . u(X + 25) = u(X) (
g(X + 2π) = g(x)

2whereL is a linear differential operator /e
. g. e)(e . g . if L =

, then (U(X) = d+ (x)

2

L is linear means : ((u(x) + av(X) = Lu(x) + a(v(x)
⑫



Assume that [Pn(X)]n are functions such that :

(1) Pn(x) is periodic ;

(2) LPn(X) is a linear combination [n(X13O

Assume : u(X) = RP) and g(x)
k= 1

(Note : in solving the differential equation , At's are unknown ,
ben's are known)

Then : On(X) is called the basis functions for the differential

equation (u(X) = g(x).

For the ease of explanation , suppose
(Ph(x) = XnP(x).

(P(x) is an eigenfunction
of L)

Goal : Find AR's solving Lu(x) = g(x).



Then : Lu(X1 = g(X) implies : LAR(X)=
=> arm(X=be
=> ahxk9m(x)=k= 1

Comparing coefficients :

ARXE = DR (algebraic equation
in am= Let

Thus ,
the solution is : u(x)= Pm(x)



&

Remark : 1
. By writing U(X) as Linear combination of basis

functions (eigenfunctions) ,
complicated differential equation

can be converted to algebraic equation.

2. Spectral method is related to eigenvalues and

eigenfunctions of some differential operators

(e. g . sinx is eigenfunction of
It's called Spectral decomposition of differential

operator
.



Example : Consider : Ut = Uxx
,

X 50
,
25] such that

u(0
,
t) = u(2π,

t) (periodic

u(X , 0) = f(x) (initial condition

Solution : Let u(X,
t) = X (x) T(t)

-

Consider = Construct [Pn(Xn = Ecosux ,
sin nexy -

BUT : u (o
,
t) = u (2π, t) => X(0) T(t) = X(2) T(t)

=> X(0) = X(2π)

X must be periodic .(i eBX CANNOT be the choice !!
N

Let u(X
,
t) = Gol + [Aultcosux + bult) Sin nX

n=

Uz = 2xx = adt)+ an'it)cosnX + bu'lt) sinux= (2) anti cosux

n= 1 + (-n2)bult) sincX

n=

Comparing coefficients : Quit) = -ranlts
.

and bult = - bult).

and docts = 0



~
- n2t

Solving an 'It) = -nanit Eanlt) = and (anEIR)

Similarly ,
bult) = En ent (buEIR)

i u(x
, +) = ne-nt cos nx + e-itsinny

n= 1
H= 00



How to determine ar and be ?? Initial condition = U(X
,

0) = f(x).

Suppose f(x)= ChcoskX + desinkX.
k=0

Then : u(X,
0) = f(x) implies :

&

ZakcoskX + besinkx = CkcoskX + de Sinkx

k=0

k= 0

Comparing crefficients : Ak = Ck
(Algebraic egt).

bk = de



Question : Given f(x) ,
how to find ak and be such

that f(x)= at costex
+ Persin

(Fourier analysis problem
2π if k = m = 0

Note that : S2
*

coskXcosmxdx = it if k = m =0S
O if k= M

e . g. J
*

costex costxdx =Ss(2x)dx = i

if k = m = 0

Also
, g

*

sinex sinmy dx
=S if k = m = 0

if k + m

g Sinkxcosmx dx = 0.



If f(x) = go + ancostx + be sinkx

For myo
, go fel cosmxdx = i am

2π

: am =S
O

f(x) cos mX dX

j2Tf(x) Sin mx dx = ibm
O

i bm =f f(x) Sin mx dX.

Also
, jfudx = do (2) -90= fixdx.

i . All ak
,
be can be computed !!



&Recall :

Many times we need to approximate f(x) by :

f(x) = azcoskX + besinkx where

k=0

90= f(x)dX ; ak= f(xcoskXdX ; b= ) sintxdx

O

-Definition : (Real Fourier Series

Consider F(x) EV = E real-valued 2-periodic smooth functions

Then
,
the real Fourier Series of f(x) is given by :

f(x)= GcoSEX + besintx
,
where dan) and Eba are givea

k= 1

by :

do= x ; an= foxcostxdx ; be=Ex Sintx dx



Definition : (Complex Fourier Series

Consider fix) EW = Ecomplex - valued 25-periodic smooth functions)

Then
, the complex Fourier Series is given by :

f(x) = Ecke
ikX

where ECh] is determined by :

k= - Fl
11

-
ikX

(k= f(x)e dx(Here ,
eik*= coskX + isinkx)

-
The integration is computed separately for the real

part and imaginary part.


